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L Introduction

t-Hausdorff Measure

Definition (t-Hausdorff Measure)

For anyt € [0,00), let

HE(S) = inf {Z diam(U;)' : U; e U, diam(U;) < 5} .
U is an open | <
coverof § =1

The t—dimensional Hausdorff measure is given by

H(S) = lim HE(S).
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L Introduction

t-Hausdorff Measure Visualized

| dimy (S)

H'(S)

Figure: An example plot of #!(S) as a function of ¢.



Rigorous Dimension Estimates for Fractals and How to Find Them

L Introduction

Hausdorff Dimension

Definition (Hausdorff Dimension)

dimy(S) = inf{t > 0 : H*(S) = 0}.
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L Introduction

Hausdorff Dimension

Definition (Hausdorff Dimension)
dimy(S) = inf{t > 0 : H*(S) = 0}.

m Hausdorff dimension agrees with standard notions of
dimension.
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L Introduction

Hausdorff Dimension

Definition (Hausdorff Dimension)
dimy(S) = inf{t > 0 : H*(S) = 0}.

m Hausdorff dimension agrees with standard notions of
dimension.

m Hausdorff dimension is a bi-Lipschitz equivalence.
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leroduction

Two Famous Fractals

(a) The Sierpinski carpet. (b) The Apollonian gasket.

Both of these are the limit set of iterated function systems.
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L Introduction

lterated Function Systems

Definition (lterated Function System)

An lterated Function System (IFS) S = { X, E,{¢¢c}ccr}
consists of:

a compact metric space X,
a countable set E with at least 2 elements, and

a family of injective contractions {¢. : X — X} . with
uniform Lipschitz constant s € (0, 1).

There is a unique compact set K C X so that

K = U66E¢6(K)'

This is called the limit set of the IFS, often denoted Jg.
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L Introduction

Hutchinson’s Theorem

Theorem (Hutchinson’s Theorem)

For an IFS S consisting of metric similarities, then

hs = dimy/(Js) = inf {t >0:) [ Doell’, < 1} .

eeE

Due to Hutchinson (1981).
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L Introduction

Hutchinson’s Theorem

Theorem (Hutchinson’s Theorem)

For an IFS S consisting of metric similarities, then

hs = dimy/(Js) = inf {t >0:) [ Doell’, < 1} .

eeE

Due to Hutchinson (1981). This theorem can readily give the
dimension of the Sierpinski carpet, but does not apply for the
Apollonian gasket.
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L Introduction

An Application of Hutchinson’s Theorem

13
L —_— _— —_—
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Figure: The Cantor set generated by ¢1(z) = £, ¢o(z) = 2 + £.



Rigorous Dimension Estimates for Fractals and How to Find Them

L Introduction

An Application of Hutchinson’s Theorem
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Figure: The Cantor set generated by ¢1(z) = £, ¢o(z) = 2 + £.
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Applications of Conformal Dimension Estimates

Dimension estimates for conformal fractals are used in the
following areas:

m Zaremba theory (Bourgain and Kontorovich (2014))
m Patterson Sullivan Theory

m Scattering theory on hyperbolic 3-manifolds (Borthwick,
McRae, and Taylor (1997))

m Markov and Lagrange Spectra
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L Conformal Dynamics

Linear Conformal Maps

Definition (Linear Conformal Map)

A nonsingular linear map T : R™ — R"™ is conformal if one of the
following (equivalent) conditions holds for all z,y € R™ \ {0} :

L(x,y) = L(T(x),T(y))-
There exists some \ > 0 such that (T'(x),T(y)) = Xz, y).
There exists some p > 0 so that |Tx| = plz|.
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L Conformal Dynamics

Conformal Diffeomorphisms

Definition (Conformal Diffeomorphism)

For an open setU C R", a C' diffeomorphism is called
conformal at x € U if it's derivative D f(x) : R™ — R" is a linear
conformal map.
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L Conformal Dynamics

Conformal Diffeomorphisms

Definition (Conformal Diffeomorphism)

For an open setU C R", a C' diffeomorphism is called
conformal at x € U if it's derivative D f(x) : R™ — R" is a linear
conformal map.

For an open set U C R™, if f : U — R™ is conformal then
if n =1, f is a monotone C'! diffeomorphism,
if n = 2, then f is either holomorphic or antiholomorphic,
if n > 3, then f is a Mobius map (Liouville’s Theorem).
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L Conformal Dynamics

Conformal lterated Function Systems

An IFS {X, E,{¢c}ccr} is called a conformal iterated function
system (CIFS) if the following hold:

1. Int(X) = X.
2. (Open Set Condition) For all distinct a,b € E,

G (INt(X)) N @ (INt(X)) = 0.

3. There exists an open connected set W O X such that for all
e € FE, the maps ¢, extend to conformal maps taking W into .
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L Conformal Dynamics

Conformal lterated Function Systems cont.

4. (Bounded Distortion Property) There exists a compact and
connected set S so that

XcintScScw

and two constants L > 1 and a > 0 such that

[De ()]l
[Dge(y)

for every e € F and each pair of points x,y € S, where

—1’ < Llz —y|*

[Dge ()|l = sup{|Doe(z)(p)| : p € R", |p| < 1}.
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L Conformal Dynamics

The Continued Fraction CIFS

The system CFr = {X, E, {¢c}ecr} Where X = [0,1], ECN

and .
r+e
.
o
o
o
mo [ ] 03 o o mo /3 IO nmwon
02 s R s | 0ol NNIOON DM s SO sl 3
o1 o1 10 . I
o 0

o o1 o2 03 04 05 06 07 08 09 1

(a) E = {1,2}. (o) E ={1,3,4,5,7,9,11}.
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Graphical Representation

)

b2

An example IFS consisting of two maps.
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L Conformal Dynamics

Graph Directed Markov Systems

A graph directed Markov system (GDMS)

S = {va E7A7t7i7{Xv}veVa{¢e}eEE} (1)

as defined in Mauldin-Urbanski (2003) consists of

a directed multigraph (E, V') with a countable set of edges
E, called the alphabet of S, and a finite set of vertices V,

an incidence matrix A : £ x E — {0, 1},

functions i,t : E — V so that ¢t(a) = i(b) whenever A,, = 1,
a family of non-empty compact metric spaces { X, },cv,

a family of injective contractions

{¢e : Xy(e) = Xi(e)}eeE

with uniform Lipschitz constant s € (0, 1).



Rigorous Dimension Estimates for Fractals and How to Find Them

L Conformal Dynamics

GDMS Example

¢33

An example graph directed Markov system (GDMS).
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L Conformal Dynamics

GDMS with Removed Edges

¢33

Removing edges from a GDMS.
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L Conformal Dynamics

CGDMS

A GDMS is called a conformal graph directed Markov system if
it consists of conformal diffeomorphisms.

N W wm NN

Dy

Figure: Schottky groups are natural examples of CGDMSs.
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LThermodynamic Formalism

Symbolic Dynamics pt 1

Forn € N, let
Ef={weE": Ay, =1,i€{1,2,...,n—1}}.

E'; is the set of words of length n. The set of words of finite
lengthis E%, and the set of all infinite words is EE{.
Given 7 € E", the map coded by 7 is given by

br =@ 0pr0---00¢., : X - X, Where T € EY}.
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LThermodynamic Formalism

Symbolic Dynamics pt 2

For any w € EY, (Pu|, (X))5Z; is a descending sequence of
compact sets. By Cantor’s Intersection Theorem

ﬂ ¢w|n(X)
neN
is singleton. Define the coding map by

m:EY =X, miwe ﬂ¢w|n(X).
neN

The limit set of S is Jg = 7(EL).
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LThermodynamic Formalism

Topological Pressure

Given some n € N, ¢t > 0, the n-th partition function is defined
as
Zn(t) = Y Dol
weky
As a sequence, (Z,(t))2; is submultiplicative, implying that
(log Z,,(t))>2, is subadditive. The topological pressure is
defined as

P(t) =t EZ(D) _p ToB(Zu(0),

n—o00 n neN n
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LThermodynamic Formalism

Dimension Theory: Definitions

A nonnegative number ¢ belongs to Fin(S) if

Z1(t) = 3 1Deell, < .

eckE

The number
hs :=1inf{t > 0: P(t) <0}

is called Bowen’s parameter. The 6-number for S is given by

0 := 0s = inf Fin(S).
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LThermodynamic Formalism

Properties of the Pressure Function

For a CGDMS S, the following conclusions hold:
Fin(§) ={t>0: P(t) < oco}.
6 =inf{t > 0: P(t) < oco}.
The topological pressure P is strictly decreasing on [, co)

with P(t) — —oo as t — co. Moreover, P is convex on the
closure of Fin(S).

P(0) = oo if and only if E is infinite.
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LThermodynamic Formalism

Pressure Visualized

4 164
2 s
h ho
Py(t)
_2 1
4|
P ()

Figure: Two example pressure functions P (t) and Ps(t).
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LThermodynamic Formalism

Bowen’s Formula

Theorem (Bowen’s Formula)
IfS is a CGDMS, then

hs = dimy(Js) = sup {dimy (Jr) : F C E is finite} .

Due to Mauldin and Urbanski: (1996) for CIFSs, (2003) for
CGDMSs.
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LThermodynamic Formalism

Bowen’s Formula

Theorem (Bowen’s Formula)
IfS is a CGDMS, then

hs = dimy(Js) = sup {dimy (Jr) : F C E is finite} .

Due to Mauldin and Urbanski: (1996) for CIFSs, (2003) for
CGDMSs.

This is a key tool in rigorous dimension estimates, but
computing P(t) directly is unfeasible.
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LThermodynamic Formalism

The Symbolic Transfer Operator

Suppose S is a conformal GDMS (CGDMS) and ¢ € Fin(S).

Definition (Symbolic Transfer Operator)

For g € Cy(EY) and w € EY, the symbolic transfer operator is
given by L; : Cy(EY) — Cy(EY)

Ligw)= Y g(iw)|Dgi(n(w)Il"

1:Ajw, =1
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LThermodynamic Formalism

Spectral Properties

The following theorem was proven in Mauldin-Urbanski (2003)

Theorem

The spectral radius of L; is e’ ®). This eigenvalue is isolated,
corresponds to the unique, positive eigenfunction p, of L;, and

iy

Pt = dmtv

where . is the pushforward of the unique shift-invariant Gibb’s
measure and m, is the t-conformal measure.

This theorem allows for the use of Rayleigh quotients to
calculate \, := eF'®,
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LThermodynamic Formalism

The Spatial Transfer Operator

Theorem (Chousionis, Leykekhman, Urbanski, W)
Suppose that S is a finitely irreducible, maximal CGDMS, and
lett € [0,00) be so that P(t) < co. Then:

There exists a unique continuous function p; : X — [0, c0)
so that

Fypy = py and /ptdmt =1

K=t < py < K'/M; where M; = min{m(X,) : v € v}.

The sequence { F;*(1)}>2, converges uniformly to p; on X.

Pt’Js = %

pt can be extended to a real analytic function in an open
neighborhood of X .
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LThermodynamic Formalism

Spectral Properties 2

The spatial transfer operator has the same spectral properties
as the symbolic one. That is,

m The leading eigenvalue \; of F} is e”’(*).
m )\; corresponds to the unique positive eigenfunction of F;.
m There is a spectral gap.
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L Numerical Method

Discretizing C'(X)

Suppose that X" is a conformal mesh of X with nodes {z;}¥
For r € X" let h, = diam(7) and define h = max,  y» h,.
Consider the space

j=1-

Sy :={veC(X):veP(r)foral r e X"}

with nodal basis {¢;} j=1, and the interpolation operator

N
= w(@j)pi(z), Ip:C(X) = Sh.
7j=1
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A Mesh and a Basis Function

\VAN 57
ity
LS

(a) An example mesh of D. (b) A shape function on the mesh.
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L Numerical Method

Bramble-Hilbert

Set p! = T;,p:. Then, as an application of the Bramble-Hilbert
Lemma,
lor = pill o < Couh?||D?pr|

for a computable constant Czx. A bound on HDthHOO, uniform
in h, is enough for convergence of the method. Our method
uses a bound of the form

102l < Cllptl oo

to imply ||p; — pf ||, will decrease on the order of A>.
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Eigenfunction Estimates

Theorem (Chousionis, Leykekhman, Urbanski, W)

Let S = be a a finitely irreducible, maximal CGDMS. If
t € Fin(S), and « is any multiindex, then there are computable
constants C(«, t,n) and Ca(«, t) so that

ifn >3,
ID%i()] < Clast,n)prly), Va,y € Xpv €V, and (2)
ifn =2, then

|D%pe(z)| < Cao(e, t)pe(z), Vo € X. 3)
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L Numerical Method

Bounding ||p: — pf||

Forany 7 € X" and any z € 7, set
errr = Cpy(cihr + 1)cah?

where ¢; and ¢z correspond to the previous derivative bounds
with a = 1,2. Then,

(1 —errr)pf(z) < pi(x) < (1 + erry)pf (z)
and

(1 —err.)Eypl(x) < Fipy(z) < (14 erry)Fipl(z).
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L Numerical Method

Finding p!

To find p! we assemble discrete versions of F;. Define two
matrices A;, B, € RV*N such that

(Ap)j = (1 —erm) Y [|DGe())I'Tnpi(e () xx, ) (75)

ecE 4

(Bra)j = (L+erm) > [IDge(a;)| ' Tnpe(dela;)xx,,, (7).
ecF 5

Then p! = Z;,(p;) may be found using barycentric
approximation to assemble the appropriate approximation
matrix and finding its leading eigenvector.
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L Numerical Method

Results for Positive Matrices

The following lemma was used by Falk and Nussbaum (2016),
and is a key to our rigorous approximation results.

Lemma

Suppose that M is a non-negative, N x N matrix. For a strictly
positive vector w € RY,

if Mw > \w, thenr(M) > X

if Mw < \w, thenr(M) < \.
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L Numerical Method

Dimension Bounds

Combining all of these results, setting o, to be the vector in RY
with entries (at); = pl(z;) = p(x;), one has

(Arw)j < Fipe(xj) = Mepe(xj) and (Beow)j > Fipe(xj) = Mepe(j).

Therefore,
T(At) S )\t S T(Bt),

and bisection method may be applied to find rigorous bounds
on Hausdorff dimension.



Rigorous Dimension Estimates for Fractals and How to Find Them

L Results and Future Work

Specific Dimension Estimates

Table: Hausdorff dimension estimates for various examples.

Example Hausdorff dimension
2D Continued fractions with 4 generators 1.149576 £+ 5.5e — 06
2D Continued fractions 1.853 + 4.2e — 03
2D Continued fractions on Gaussian primes 1.510 4+ 4.0e — 03
3D Continued fractions with 5 generators 1.452 + 9.7e — 03
3D Continued fractions 2.57 £ 1.7e — 02
A quadratic abc-example 0.6327142857142865 + 5.0e — 16
An example of a Schottky group 0.7753714285 + 1.5e — 10
12 map Apollonian subsystem 1.0285714285713 + 1.1e — 13
Apollonian gasket 1.30565 + 5e — 05
Apollonian gasket without a generator 1.2196 £+ 2e — 04
Apollonian gasket without a spiral 1.2351 + 5.5e — 04
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A Fractal Meshing Algorithm

Figure: The eigenfunction approximation for the Apollonian gasket
over a fractal mesh.
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Future Work

m What numerical methods can be applied to increase the
accuracy of our estimates and improve there run-time?
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Future Work

m What numerical methods can be applied to increase the
accuracy of our estimates and improve there run-time?

m How can we generalize this to different spaces? Are there
better bounds we can find thanks to Liouville’s theorem?
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Future Work

m What numerical methods can be applied to increase the
accuracy of our estimates and improve there run-time?

m How can we generalize this to different spaces? Are there
better bounds we can find thanks to Liouville’s theorem?

m Can we apply this to solve the Texan Conjecture for
different systems?
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Thanks for Coming

Thank you for coming!
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